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We obtain a set of general formulae for determining magnetizations, including the usual electro-
magnetic magnetization as well as the gravitomagnetic energy magnetization. The magnetization
corrections to the thermal transport coefficients are explicitly demonstrated. Our theory provides a
systematic approach for properly evaluating the thermal transport coefficients of magnetic systems,
eliminating the unphysical divergence from the direct application of the Kubo formula. For a non-
interacting anomalous Hall system, the corrected thermal Hall conductivity obeys the Wiedemann-
Franz law.
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Thermal Hall effect, or Righi-Leduc effect, is the ther-
mal analogue of the Hall effect [1]. It gives rise to a
transverse heat flow when a temperature gradient is ap-
plied. There are recent surging experimental interests in
studying the thermal Hall effect in various systems, re-
vealing such as the phonon Hall effect [2, 3], magnon Hall
effect [4], and so on. There are also many theoretical ef-
forts to study these phenomena [5–8]. However, most of
these theoretical studies face a fundamental issue: direct
application of the Kubo formula, when done correctly
without questionable “tricks” [25], always yields unphys-
ical divergence at the zero temperature [9, 10]. Such an
issue is actually a major obstacle in the theoretical stud-
ies of the thermal Hall effect.
The underlying reason of the issue had been previously
identified [11, 12]: in a system breaking the time-reversal
symmetry, either by applying an external magnetic field
or due to the spontaneous magnetization, the tempera-
ture gradient not only drives the transport (heat) cur-
rent, but also drives the circulating (heat) current that
is not observable in the transport experiment. Both con-
tributions are present in the microscopic current density
calculated by the standard linear response theory, and a
proper subtraction of non-observable circulating compo-
nent is necessary. For the electric transport, such sub-
traction involves the electromagnetic orbital magnetiza-
tion density, while the subtraction of the energy current
will involve the garvitomagnetic energy magnetization
density [13], which characterizes the circulating energy
flow. However, the previous theoretical discussions do
not clarify what the transport current and the magne-
tizations are, and how the magnetizations can be evalu-
ated for a general extended system. The issue becomes
more fundamental because the magnetizations are gauge-
dependent quantities [14], and it is not a-priori clear
what the proper gauges of the magnetizations should be
when calculating the transport coefficients .
In this Letter, we attempt to build the theory of ther-
mal transport of magnetic systems on a firmer basis.
We obtain a set of general formulae for determining the
magnetizations, including the usual electromagnetic or-
bital magnetization as well as the gravitomagnetic energy
magnetization [Eqs. (7–10)]. We further show that these
magnetizations naturally emerge as corrections to the
thermal transport coefficients, recovering the Onsager re-
lations and Einstein relations [Eq. (20)], and eliminating
the unphysical divergence. The result is a complete set
of general formulae for calculating the transport thermal
Hall conductivity, as well as the other thermal-electric
responses such as Nernst effect and Ettingshausen ef-
fect [15]. The formula also clarify what the gravitomag-
netic energy magnetization is and how it can be calcu-
lated, and its thermodynamics is determined. We test
our theory by calculating the thermal Hall coefficient of
a non-interacting anomalous Hall system, and observe
the emergence of Wiedemann-Franz law, consistent to
the recent experimental observation [16].
Preliminaries: To make our discussion specific, we con-
sider a general electronic system. We should note that
the formulae we will develop are general, applicable to
the other systems such as the phonon and spin systems.
We assume that the total Hamiltonian of the unper-
turbed system can be written as Hˆ =
´
drhˆ(r), where
r denotes the spatial coordinate, and hˆ(r) is the lo-
cal energy density operator. To study the electric and
thermal responses, we introduce the external mechanic
fields: the potential φ(r) and the gravitational field ψ(r),
where the gravitational field is introduced as the me-
chanic counterpart of the temperature gradient, following
Luttinger [17]. In the presence of these fields, the local
energy density operator of the system is modified to [12]:
hˆφ,ψ(r) = [1 + ψ(r)]
[
hˆ(r) + φ(r)nˆ(r)
]
, (1)
where nˆ(r) is the local density operator, and the Hamil-
tonian of the system is Hˆφ,ψ =
´
drhˆφ,ψ(r).
The particle and energy current operators of the sys-
2tem are defined by the conservation equations [12]:
∂nˆ(r)
∂t
≡
1
i~
[nˆ(r), Hˆφ,ψ] = −∇ · Jˆ
φ,ψ
N (r) , (2)
∂hˆφ,ψ(r)
∂t
≡
1
i~
[hˆφ,ψ(r), Hˆφ,ψ] = −∇ · Jˆ
φ,ψ
E (r) , (3)
where Jˆφ,ψN and Jˆ
φ,ψ
E are particle and energy current op-
erators, respectively.
We further require that the current operators in the
presence of the external fields can be related to the zero-
field current operators JˆN and JˆE by [12]:
Jˆ
φ,ψ
N (r) = [1 + ψ(r)] JˆN (r) , (4)
Jˆ
φ,ψ
E (r) = [1 + ψ(r)]
2
[
JˆE(r) + φ(r)JˆN (r)
]
. (5)
We note that the current operator is only defined up
to a curl by Eqs. (2–3). As we will show later [See
Eq. (22)], one may use this freedom to find appropriate
forms of current operators that do satisfy these scaling
relations [26].
When the system is in equilibrium and in the absence
of the external fields, we have∇·JeqN =∇·J
eq
E = 0, where
J
eq
N(E)(r) =
〈
JˆN(E)(r)
〉
0
is the expectation value of the
particle (energy) current for the equilibrium density ma-
trix ρˆ0 = (1/Z0) exp
[
−Kˆ/kBT0
]
, where Kˆ =
´
drKˆ(r)
and Kˆ(r) ≡ hˆ(r)−µ0nˆ(r). As a result, we can introduce
the zero field particle magnetization density MN (r) and
the energy magnetization density ME(r) so that:
J
eq
N(E)(r) =∇×MN(E)(r) . (6)
The equation can also be considered as the (incom-
plete) definitions of the magnetizations. To make the so-
defined magnetizations physically meaningful, one needs
to further require the magnetizations being the proper-
ties of material, i.e., they should be well-behaved func-
tions of r, and vanish outside of the sample. We also
introduce the zero-field heat magnetization: MQ(r) ≡
ME(r)− µ0MN (r).
Magnetizations : We rigorously prove that, with the ap-
propriate current operators that follow the scaling laws
Eqs. (4–5), the total magnetizations can be calculated
from the following set of equations:
−
∂MN
∂µ0
=
β0
2i
∇q ×
〈
nˆ
−q; JˆN,q
〉
0
∣∣∣
q→0
, (7)
MN − T0
∂MN
∂T0
=
β0
2i
∇q ×
〈
Kˆ
−q; JˆN,q
〉
0
∣∣∣
q→0
, (8)
−
∂MQ
∂µ0
=
β0
2i
∇q ×
〈
nˆ
−q; JˆQ,q
〉
0
∣∣∣
q→0
, (9)
2MQ − T0
∂MQ
∂T0
=
β0
2i
∇q ×
〈
Kˆ
−q; JˆQ,q
〉
0
∣∣∣
q→0
, (10)
where
〈
aˆ; bˆ
〉
0
≡ (1/β0)
´ β0
0
dλTr
[
ρˆ0aˆ(−i~λ)bˆ
]
is the
Kubo canonical correlation function (β0 ≡ 1/kBT0) [18],
MN(Q) ≡
´
drMN(Q)(r), JˆQ(r) ≡ JˆE(r) − µ0JˆN (r),
and nˆq, Kˆq, JˆN,q, JˆQ,q are the Fourier transform of nˆ(r),
Kˆ(r), JˆN (r), JˆQ(r) (aˆq ≡
´
draˆ(r)e−iq·r), respectively.
Equations (7–10) are the central results of this Letter.
The total magnetizations can be obtained by integrating
over either the chemical potential µ0 [Eqs. (7, 9)] or the
temperature T0 [Eqs. (8, 10)]. The corresponding bound-
ary conditions are that at µ0 → −∞, MN(Q) → 0 and
at T0 → 0, MN (2MQ) coincides with right hand side
(RHS) of Eq. (8)[(10)], respectively. For electronic sys-
tem, the two approaches are equivalent. On the other
hand, for systems without the chemical potential, such
as the phonon and magnon systems, Equation (10) is the
only option for calculating the heat (energy) magnetiza-
tion.
In Ref. [19], a similar formula for the electromagnetic
orbital magnetizationM ≡ −eMN was derived from its
thermodynamic definition M = −(∂Ω/∂B)T0,µ0 , where
Ω is the grand thermodynamic potential, and B is the
magnetic field. It is easy to identify that RHS of Eq. (8) is
nothing but −(∂K/∂B)µ0,T0 , where K ≡ Ω+T0S and S
is the entropy of the system. Similarly, Eq. (7) is just the
Maxwell relation between ∂M/∂µ and ∂N/∂B, where N
is the total particle number of the system.
One can develop a similar thermodynamic interpreta-
tion for the heat magnetization as well. For this pur-
pose, it is necessary to introduce a fictitious “magnetic
field” Bs which couples to Ms ≡MQ/T0 so that Ms =
−(∂Ω/∂Bs)µ0,T0 . Bs can be related to the physical grav-
itomagnetic field Bg [20] by Bs ≡ −(T0/c
2)Bg. In anal-
ogy to the particle magnetization, RHSs of Eqs. (9–10)
are −T0(∂N/∂Bs)T0,µ0 and −T0(∂K/∂Bs)T0,µ0 , respec-
tively, and these equations are nothing but the thermo-
dynamic relations. It is important to note that the par-
ticular way to introduce the thermodynamic quantities
(e.g.,Ms instead of MQ) is necessary for accounting for
the extra factor of 2 in front of MQ in Eq. (10).
We sketch the proof of Eqs. (7–10) in the following [21].
We introduce the static response functions:
χij(r, r
′) = β0
〈
∆nˆj(r
′);∆Jˆi(r)
〉
0
, i, j = 1, 2, (11)
where nˆ1(r) ≡ nˆ(r), nˆ2(r) ≡ Kˆ(r), Jˆ1(r) ≡ JˆN (r),
Jˆ2(r) ≡ JˆQ(r), and ∆aˆ ≡ aˆ−〈aˆ〉0. Applying Eqs. (2–3),
we obtain ∇ ·χij(r, r
′) = (1/i~) 〈[nˆj(r
′), nˆi(r)]〉0, which
implies:
∇ · χqij(r) + iq ·
[
χ
q
ij(r)−∇×Mij(r)
]
= 0 , (12)
where χqij(r) ≡
´
dr′χij(r, r
′)e−iq·(r−r
′), M11(r) = 0,
M12(r) = MN (r), M21(r) = MN (r), M22(r) =
2MQ(r). In deriving Eq. (12), we have utilized Eqs. (2–
3) and Eqs. (4–5), which imply the operator form of the
3commutators [nˆj(r
′), nˆi(r)]. Equation (6) is then used
to determine the equilibrium expectation values of the
resulting commutators.
Therefore, χqij(r) must have the decomposition:
χ
q
ij(r) = −iq ×Mij(r) + e
−iq·r
∇ × κqij(r) . (13)
Because both Mij(r) and χ
q
ij(r) are properties of ma-
terial, κqij(r) must also be well-behaved, i.e., it should
be bounded and vanish outside of the sample. Moreover,
the value of κqij(r) at the long wave limit (q = 0) can
be related to the macroscopic thermodynamic quantities[
∂MN(Q)(r)/∂µ0
]
T0
and
[
∂MN(Q)(r)/∂T0
]
µ0
[21]. Ap-
plying (i/2)∇q× to both sides of Eq. (13), taking limit
q → 0, substituting Mij and κ
q=0
ij and integrating over
r, we obtain Eqs. (7–10).
Thermal transport coefficients : We can show that the
magnetizations determined by Eqs. (7–10) will emerge
naturally as corrections to the thermal transport coeffi-
cients. To see this, we calculate the full response of the
currents to small deviation from the global equilibrium.
In this case, the system can be approximately described
by the density matrix:
ρˆ ≈ ρˆleq + ρˆ1 , (14)
where ρˆleq is the local equilibrium density matrix char-
acterized by the local chemical potential µ(r) and local
temperature T (r):
ρˆleq =
1
Z
exp
[
−
ˆ
dr
hˆ(r)− µ(r)nˆ(r)
kBT (r)
]
. (15)
ρˆ1 is the linear response correction to the local equilib-
rium density matrix, determined by the Liouville equa-
tion i~∂ρˆ/∂t + [ρˆ, Hˆφ,ψ] = 0 [22]. We define α(r) ≡
[1 + ψ(r)][φ(r) + µ(r)], β(r) ≡ 1/kB[1 + ψ(r)]T (r). It
is easy to see that when α(r) and β(r) are spatially
uniform, ρˆleq becomes the exact global equilibrium den-
sity matrix corresponding to the Hamiltonian Hˆφ,ψ, and
ρˆ1 = 0. Therefore, the conditions of the global equilib-
rium are ∇α(r) = 0 and ∇β(r) = 0 [17].
We define Jφ,ψ1 = J
φ,ψ
N and J
φ,ψ
2 = Jˆ
φ,ψ
Q ≡ J
φ,ψ
E −
α(r)Jφ,ψN . The forces conjugate to these currents are
X1 = −β(r)∇α(r) and X2 = ∇β(r), respectively, so
that the entropy generation is ∂s/∂t + ∇ · (βJφ,ψQ ) =∑
i J
φ,ψ
i ·Xi [1]. The expectation values of the currents
have two parts of contributions:
J
φ,ψ
i = J
leq
i + J
Kubo
i , (16)
where JKuboi ≡ Trρˆ1Jˆ
φ,ψ
i is just the usual linear re-
sponse contribution with the response coefficients deter-
minable by the Kubo formula [22]. Besides this, there
is an extra contribution J leqi = TrρˆleqJˆ
φ,ψ
i , which is
due to the inhomogeneous local chemical potential and
temperature field. We assume that the deviation from
the homogeneity is small so that µ(r) ≈ µ0 + δµ(r),
1/T (r) ≈ (1/T0) + δ[1/T (r)]. By applying the static
response theory [18], we obtain, to the linear order of
x1(r) ≡ δµ(r) and x2(r) ≡ −T0δ[1/T (r)]:
J
leq
i (r) ≈ J
eq
i (r) +
2∑
j=1
ˆ
dr′χij(r, r
′)xj(r
′) , (17)
where χij(r, r
′) is the static response function defined in
Eq. (11), and Jeqi (r) ≡
〈
Jˆ
φ,ψ
i (r)
〉
0
, which can be deter-
mined by Eq. (6) and Eqs. (4–5). Substituting Eq. (13)
into Eq. (17), and after some algebra, we obtain, to the
linear order of φ, ψ, δµ and δ(1/T ) [21],
J
leq
1 (r) ≈∇×M
φ,ψ
N (r)−
1
β
MN (r)×X2 , (18)
J
leq
2 (r) ≈∇×M
φ,ψ
E (r)− α(r)∇ ×M
φ,ψ
N (r)
−
1
β
MN (r)×X1 −
2
β
MQ(r)×X2 , (19)
where Mφ,ψN (r) ≡ [1 + ψ(r)]MN (r) + δMN (r),
M
φ,ψ
E (r) ≡ [1 + ψ(r)]
2
[ME(r)+φ(r)MN(r)]+δME(r),
and δMN(E)(r) is the correction to the particle (energy)
magnetization due to the spatial gradients of the chemi-
cal potential and temperature, determinable by κqij(r).
Applying Eqs. (16, 18, 19), we can obtain the total cur-
rents responding to the non-equilibrium forces. However,
due to the presence of J leqi , such responses break the fun-
damental non-equilibrium thermodynamic relations [1]:
(1) Onsager reciprocal relations; (2) Einstein relations, i.
e., the currents should only be proportional to ∇α and
∇β, and vanish when the system is in the global equi-
librium. The problem can be remedied by defining the
transport currents as Jφ,ψ,tr
N(E) = J
φ,ψ
N(E)−∇×M
φ,ψ
N(E), and
the corresponding transport responses then become:
[
Jtr1
Jtr2
]
=
[ ←→
L (11)
←→
L (12) − MN
β0V
×
←→
L (21) − MN
β0V
×
←→
L (22) −
2MQ
β0V
×
][
X1
X2
]
,
(20)
where Jtri ≡ (1/V )
´
drJφ,ψ,tri, (r), and V is the total
volume of the system.
←→
L (ij) is a tensor of rank two
with the component L
(ij)
αγ =
´∞
0
dte−st
〈
Jˆj,γ ; Jˆi,α(t)
〉
0
(α, γ = x, y, z), which is the usual response coefficient
determined by the Kubo formula [22]. It is easy to verify
that both the Onsager relations and the Einstein rela-
tions are recovered. The magnetizations determined in
Eqs. (7–10) naturally emerge as the corrections to the
thermal transport coefficients.
Application: We can apply these general results to study
the thermal Hall coefficient of a non-interacting anoma-
lous Hall system [15, 23], and show how the unphysical
4divergence is eliminated and the Wiedemann-Franz law
emerges. The energy density of such a system, in the
presence of the external fields φ(r) and ψ(r), can in gen-
eral be written as:
hˆφ,ψ(r) = [1 + ψ(r)]
{m
2
[vˆϕˆ(r)]
†
· [vˆϕˆ(r)]
+ϕˆ†(r) [V (r) + φ(r)] ϕˆ(r)
}
, (21)
where ϕˆ(r) (ϕˆ†(r)) is the electron annihilation (cre-
ation) field operator with the two spin components,
vˆ ≡ (1/m)[−i~∇+Aso(r)] is the velocity operator with
Aso(r) being the non-abelian gauge potential charac-
terizing the spin-orbit coupling, and V (r) is the pe-
riodic potential. The field operator ϕˆ(r) satisfies the
Schrödinger equation: i~∂ϕˆ/∂t = Hˆφ,ψϕˆ with Hˆφ,ψ =
(m/2)vˆ · [1 + ψ(r)] vˆ + [1 + ψ(r)] [V (r) + φ(r)]. An ap-
propriate energy current operator that does satisfy both
Eq. (3) and the scaling law Eq. (5) is,
Jˆ
φ,ψ
E (r) =
1 + ψ
2
[
(vˆϕˆ)†
(
Hˆφ,ψϕˆ
)
+
(
Hˆφ,ψϕˆ
)†
(vˆϕˆ)
]
+
i~
8
∇×
[
(1 + ψ)
2
(vˆϕˆ)
†
× (vˆϕˆ)
]
. (22)
The presence of the last term is essential for satisfying
the scaling law Eq. (5).
With the appropriate energy current operator at hand,
we calculate the thermal Hall coefficient. The usual Kubo
formula yields,
κKuboxy ≡
L
(22)
xy
kBT 20
=
1
2T0~V
∑
nk
Πznkfnk, (23)
where Πznk = Im
〈
∂unk
∂kx
∣∣∣ (Hˆk + ǫnk − 2µ0)2 ∣∣∣∂unk∂ky
〉
, unk
is the periodic part of Bloch wave function for band n and
quasi-momentum k, fnk ≡ f(ǫnk) is the Fermi distribu-
tion function, Hˆk = (1/2m)[−i~∇+Aso(r)+~k]
2+V (r),
and ǫnk is the electron dispersion [8]. It is easy to see that
the coefficient diverges at the zero temperature.
We calculate M˜zQ ≡
(β0/2i)∇q ×
〈
Kˆ
−q; JˆQ,q
〉
0
∣∣∣
z,q→0
, and obtain:
M˜zQ = −
1
4~
∑
nk
{
Πznk [2fnk + (ǫnk − µ) f
′
nk]
+ 2Ωznk (ǫnk − µ0)
3
f ′nk
}
, (24)
where Ωznk ≡ −2Im 〈∂unk/∂kx |∂unk/∂ky 〉. M
z
Q is ob-
tained by integrating Eq. (10). After some algebra, we
obtain κtrxy ≡ κ
Kubo
xy + (2M
z
Q/T0V ):
κtrxy = −
1
e2T0
ˆ
dǫ(ǫ− µ0)
2σxy(ǫ)f
′(ǫ) , (25)
where σxy(ǫ) = −(e
2/~)
∑
ǫnk≤ǫ
Ωznk is the zero temper-
ature anomalous Hall coefficient for a system with the
chemical potential ǫ [15, 23]. It recovers the Wiedemann-
Franz law at the low temperature kBT0 ≪ µ0 [11, 24],
and the unphysical divergence is eliminated.
In summary, we have developed a systematic approach
for calculating the particle and heat (energy) magnetiza-
tions. We also explicitly show that these magnetizations
naturally emerges as the corrections to the thermal trans-
port coefficients, recovering the Onsager and Einstein re-
lations, and eliminating the unphysical divergences. Our
approach make no assumption on the nature of the sys-
tem, so is equally applicable to fermionic (e.g., electron)
or bosonic (e.g., phonon, magnon) systems, either non-
interacting or interacting. The approach does not involve
the ill-defined spatially extended operators, so is usable
in practical calculations.
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I. KUBO’S CANONICAL CORRELATION FUNCTION
Kubo’s canonical correlation function is defined as [1]:
〈
Bˆ; Aˆ
〉
0
=
1
β0
Tr
[
ρˆeq
ˆ β0
0
dλeλHˆ Bˆe−λHˆ Aˆ
]
, (S1)
where Hˆ is the Hamiltonian of the system, and ρˆeq = (1/Z) exp
(
−β0Hˆ
)
. Some of its properties used in the main
text are [1]: 〈
∆Aˆ; ∆Bˆ
〉
0
=
〈
∆Bˆ; ∆Aˆ
〉
0
, (S2)
and:
β0
〈
∆ ˆ˙A; ∆Bˆ
〉
0
=− β0
〈
∆Aˆ; ∆ ˆ˙B
〉
0
=
1
i~
〈[
∆Aˆ, ∆Bˆ
]〉
0
, (S3)
where ∆Aˆ ≡ Aˆ−
〈
Aˆ
〉
0
and ˆ˙A ≡ (1/i~)[Aˆ, Hˆ ].
For a system perturbed by a static external force:
Hˆ
′ = Hˆ − Aˆδx . (S4)
The change of the expectation value of an operator Bˆ can be calculated to the linear order [1]:
δ
〈
Bˆ
〉
=
〈
Bˆ
〉
δx
−
〈
Bˆ
〉
0
≡ χBAδx , (S5)
where:
χBA ≡ β0
〈
∆Bˆ; ∆Aˆ
〉
0
. (S6)
2II. DETAILS OF DERIVATION FOR EQS. (7-10), MAGNETIZATION FORMULA
The derivation of Eqs. (7-10) is detailed in the following:
(1) We introduce χij (r, r
′) = β0
〈
∆nˆj (r
′) ; ∆Jˆi (r)
〉
0
with i, j = 1, 2, where nˆ1(r) ≡ nˆ(r), nˆ2(r) ≡ Kˆ(r),
Jˆ1(r) ≡ JˆN (r), Jˆ2(r) ≡ JˆQ(r), ∆aˆ ≡ aˆ− 〈aˆ〉0 and 〈· · · 〉0 ≡ Tr [ρˆ0 · · · ], so we have:
∇ · χij (r, r
′) =β0
〈
∆nˆj (r
′) ; ∇ ·∆Jˆi (r)
〉
0
, (S7)
=− β0
〈
nˆj (r
′) ; ˆ˙ni (r)
〉
0
. (S8)
From Eq. (S7) to Eq. (S8), we have used ∇ · Jˆi (r) = −ˆ˙ni and ∇ · J
eq
i = 0. Using Eq. (S3), we obtain:
∇ · χij (r, r
′) =
1
i~
〈[nˆj (r
′) , nˆi (r)]〉0 . (S9)
We define χqij (r) ≡
´
dr′χij (r, r
′) e−iq·(r−r
′), and have:
∇ · χqij (r) + iq · χ
q
ij (r) =
1
i~
ˆ
dr′ 〈[nˆj (r
′) , nˆi (r)]〉0 e
−iq·(r−r′) , (S10)
where i, j = 1, 2.
(2) We can obtain the right hand side of Eq. (S10) from the definitions of currents and their scaling laws. Basically,
we have:
1
i~
[nˆ(r), Hˆφ,ψ] =−∇ · Jˆφ,ψN (r) , (S11)
1
i~
[hˆφ,ψ(r), Hˆφ,ψ] =−∇ · Jˆφ,ψE (r) , (S12)
and:
Jˆ
φ,ψ
N (r) = [1 + ψ(r)] JˆN (r) , (S13)
Jˆ
φ,ψ
E (r) = [1 + ψ(r)]
2
[
JˆE(r) + φ (r) JˆN (r)
]
. (S14)
If we set φ (r) = 0 and 1 + ψ (r) = eiq·r, Eq. (S11) becomes:
1
i~
ˆ
dr′
[
eiq·r
′
hˆ (r′) , nˆ (r)
]
=∇ ·
(
eiq·rJˆN (r)
)
, (S15)
= eiq·riq · JˆN (r) + e
iq·r
∇ · JˆN (r) , (S16)
and we obtain:
1
i~
ˆ
dr′
〈[
eiq·(r
′−r)hˆ (r′) , nˆ (r)
]〉
0
= iq ·∇×MN (r) , (S17)
where we have used ∇ · JˆeqN (r) = 0 and Jˆ
eq
N (r) = ∇ ×MN (r). This is exactly the right hand side of Eq. (S10) for
i = 1, j = 2.
Using the similar approach, we can prove that:
1
i~
ˆ
dr′ 〈[nˆj (r
′) , nˆi (r)]〉0 e
−iq·(r−r′) = iq ·∇×Mij (r) , (S18)
where M11(r) = 0, M12(r) =MN (r), M21(r) =MN (r), and M22(r) = 2MQ(r).
(3) Therefore, χqij(r) satisfies the equation:
∇ · χqij (r) + iq ·
[
χ
q
ij (r)−∇×Mij (r)
]
= 0 , (S19)
and it has the general solution:
χ
q
ij (r) = −iq ×Mij (r) + e
−iq·r
∇× κqij (r) , (S20)
3where κqij(r) is an arbitrary function. This equation can be considered as a decomposition of χ
q
ij(r). It is important
to note that the decomposition is not necessary to be unique, because the magnetization can only be defined up to a
gradient. However, the arbitrariness does not affect our result on the total magnetizations, as long as both Mij(r)
and κqij (r) are well behaved functions: i.e., they are bounded for all r. The constraint is necessary because, first,
magnetizations are properties of materials; second, only when these functions are well behaved, can their contributions
presented in Eq. (18-19) be well defined.
(4) We can relate κq=0ij (r) to the macroscopic thermodynamic quantities. To see this, we use Eq. (17) and see how
the equilibrium currents are perturbed by the spatially uniform changes of the chemical potential and the temperature.
We have:
δJeqi (r) ≈
ˆ
dr′ [χi1(r, r
′)δµ0 − χi2(r, r
′)T0δ(1/T0)] , (S21)
= χq=0i1 (r)δµ0 − χ
q=0
i2 (r)T0δ(1/T0) , (S22)
=∇×
[
κ
q=0
i1 (r)δµ0 − κ
q=0
i2 (r)T0δ(1/T0)
]
. (S23)
Note that δJeq2 (r) ≡ Tr
[
J
φ,ψ
E (r)δρˆleq
]
− α(r)
[
J
φ,ψ
N (r)δρˆleq
]
≈ δJeqE (r)− µ0δJ
eq
N (r). On the other hand, δJ
eq
i is, by
definition:
δJeq1 =∇× (δMN ) , (S24)
δJeq2 =∇× (δME)− µ0∇× (δMN ) . (S25)
Comparing the two sides, we obtain:
κ
q=0
11 (r) =
∂MN (r)
∂µ0
∣∣∣∣
T0
, (S26)
κ
q=0
12 (r) =T0
∂MN (r)
∂T0
∣∣∣∣
µ0
, (S27)
κ
q=0
21 (r) =
∂MQ (r)
∂µ0
∣∣∣∣
T0
+MN (r) , (S28)
κ
q=0
22 (r) =T0
∂MQ (r)
∂T0
∣∣∣∣
µ0
. (S29)
(5) Equation (S20) can be rewritten as:
χ
q
ij (r) = −iq ×
[
Mij (r)− e
−iq·rκ
q
ij (r)
]
+∇×
[
e−iq·rκqij (r)
]
, (S30)
Applying ∇q× to the both sides of Eq. (S30) and setting q → 0, we obtain:
i
2
∇q × χ
q
ij (r)
∣∣
q→0
= −Mij (r) + κ
q=0
ij (r)−∇×Uij (r) , (S31)
where Uij (r) =
i
2∇q ×
(
e−iq·rκqij (r)
)∣∣
q→0
. After substituting different components of Mij (r) and κ
q=0
ij (r) and
integrating over r we come to the formulae for the total magnetizations:
−
∂MN
∂µ0
=
β0
2i
∇q ×
〈
nˆ
−q; JˆN,q
〉
0
∣∣∣
q→0
, (S32)
MN − T0
∂MN
∂T0
=
β0
2i
∇q ×
〈
Kˆ
−q; JˆN,q
〉
0
∣∣∣
q→0
, (S33)
−
∂MQ
∂µ0
=
β0
2i
∇q ×
〈
nˆ
−q; JˆQ,q
〉
0
∣∣∣
q→0
, (S34)
2MQ − T0
∂MQ
∂T0
=
β0
2i
∇q ×
〈
Kˆ
−q; JˆQ,q
〉
0
∣∣∣
q→0
. (S35)
In the derivation, we assume that
´
dr∇×Uij(r) = 0. This is guaranteed because κ
q
ij is a well behaved function.
4III. DETAILS OF DERIVATION FOR EQS. (18-19), LOCAL EQUILIBRIUM CURRENTS
Inserting Eq. (13) into Eq. (17), we obtain:
J
leq
i (r) ≈ J
eq
i (r) +
2∑
j=1
(
Mij (r)×∇xj (r) +
ˆ
dq
(2π)
3∇× κ
q
ij (r)xjq
)
. (S36)
Because xjq =
´
dr′xj (r
′) e−iq·r
′
, we have:
J
leq
i (r) ≈ J
eq
i (r) +
2∑
j=1
(
Mij (r)×∇xj (r) +∇×
ˆ
dr′κij (r, r
′)xj (r
′)
)
, (S37)
where κij (r, r
′) =
´
dq/ (2π)3 κqij (r) e
−iq·r′ .
We can obtain Jeqi (r) through the scaling law. Without ψ and φ, we have:
J
eq
N(E)(r) =∇×MN(E)(r) . (S38)
When ψ (r) and φ (r) are present, according to the scaling law in Eq. (S13) and (S14) we have:
J
eq
1 (r) = [1 + ψ(r)]∇×MN (r) , (S39)
J
eq
2 (r) = [1 + ψ(r)]
2
[∇×ME(r)− µ(r)∇×MN (r)] . (S40)
For i = 1, inserting Eq. (S39) into Eq. (S37),
J
leq
1 (r) ≈ [1 + ψ(r)]∇×MN (r)−MN (r)× T0∇
1
T
+∇×
ˆ
dr′
2∑
j=1
κ1j (r, r
′)xj (r
′) , (S41)
=∇× ([1 + ψ(r)]MN (r))−
1
β
MN (r)×X2 +∇ ×
ˆ
dr′
2∑
j=1
κ1j (r, r
′)xj (r
′) , (S42)
so we can write:
J
leq
1 (r) ≈∇×M
φ,ψ
N (r)−
1
β
MN (r)×X2 , (S43)
where Mφ,ψN (r) ≡ [1 + ψ(r)]MN (r, T0, µ0) + δMN (r) and δMN (r) ≡
∑2
j=1
´
dr′κ1j (r, r
′)xj (r
′).
Similarly, for i = 2, inserting Eq. (S40) into Eq. (S37),
J
leq
2 (r) ≈ [1 + ψ(r)]
2
[∇×ME(r)− µ(r)∇×MN (r)] +MN (r)×∇µ− 2MQ × T0∇
1
T
(S44)
+∇×
ˆ
dr′
2∑
j=1
κ2j (r, r
′)xj (r
′) , (S45)
=∇×
[
(1 + ψ (r))
2
(ME(r) + φ (r)MN (r))
]
− α(r)∇ × ((1 + ψ (r))MN (r)) (S46)
−
1
β
MN (r)×X1 −
2
β
MQ(r)×X2 +∇×
2∑
j=1
ˆ
dr′κ2j (r, r
′)xj (r
′) . (S47)
Further, by substituting Mφ,ψN (r) into Eq. (S46) we can write J
leq
2 (r) as:
J
leq
2 (r) ≈∇×M
φ,ψ
E (r)− α(r)∇×M
φ,ψ
N (r)−
1
β
MN (r)×X1 −
2
β
MQ(r)×X2 , (S48)
where Mφ,ψE (r) ≡ (1 + ψ (r))
2
(ME (r, T0, µ0) + φ (r)MN (r, T0, µ0)) + δME (r), δME (r) ≡∑2
j=1
´
dr′κ′2j (r, r
′)xj (r
′), and κ′2j ≡ κ2j + µ0κ1j .
5IV. DETAILS OF DERIVATION FOR EQ. (22), DEFINITION OF ENERGY CURRENT
The energy density can be written as:
hˆφ,ψ(r) = [1 + ψ(r)]
{m
2
[vˆϕˆ(r)]
†
· [vˆϕˆ(r)] + ϕˆ†(r) [V (r) + φ(r)] ϕˆ(r)
}
. (S49)
The Schrödinger equation for the system is i~∂ϕˆ
∂t
= Hˆφ,ψϕˆ , where Hˆφ,ψ ≡ m2 vˆ · [1 + ψ(r)] vˆ+[1 + ψ(r)] [V (r) + φ(r)].
Therefore, we have:
∂hˆφ,ψ(r)
∂t
=
1
i~
[1 + ψ(r)]
{
m
2
[vˆϕˆ(r)]
†
·
[
vˆHˆφ,ψϕˆ(r)
]
−
m
2
[
vˆHˆφ,ψϕˆ(r)
]†
· [vˆϕˆ(r)] (S50)
+ϕˆ†(r) [V (r) + φ(r)]
[
Hˆφ,ψϕˆ(r)
]
−
[
Hˆφ,ψϕˆ(r)
]†
[V (r) + φ(r)] ϕˆ(r)
}
, (S51)
= −∇ ·
{
1
2
[1 + ψ(r)]
(
[vˆϕˆ(r)]
†
[
Hˆφ,ψϕˆ(r)
]
+
[
Hˆφ,ψϕˆ(r)
]†
[vˆϕˆ(r)]
)}
, (S52)
so we can identify Jˆφ,ψE (r) as:
Jˆ
φ,ψ
E (r) =
1
2
[1 + ψ(r)]
{
[vˆϕˆ(r)]†
[
Hˆφ,ψϕˆ(r)
]
+
[
Hˆφ,ψϕˆ(r)
]†
[vˆϕˆ(r)]
}
. (S53)
Because:
Hˆφ,ψ = [1 + ψ(r)]
[
Hˆ0 + φ(r)
]
−
i~
2
[∇ψ(r)] · vˆ , (S54)
where Hˆ0 ≡ Hˆ
φ=0,ψ=0, we obtain the following scaling equation:
Jˆ
φ,ψ
E (r) = [1 + ψ(r)]
2
[
JˆE (r) + φ (r) JˆN (r)
]
+∇ (1 + ψ(r))
2
× Λˆ (r) , (S55)
where Λˆ (r) = ~8i (vˆϕˆ)
† × (vˆϕˆ).
In order to satisfy the scaling law Eq. (5), we redefine the energy current operator as:
Jˆ
φ,ψ
E (r) → Jˆ
φ,ψ
E (r)−∇×
(
(1 + ψ(r))
2
Λˆ (r)
)
, (S56)
JˆE(r) → JˆE (r)−∇× Λˆ (r) . (S57)
This is exactly the energy current definition Eq. (22). It is straightforward to show that modified energy current
operator satisfies the scaling law Eq. (5).
The particle current operator is defined as usual. It automatically satisfies the corresponding scaling law Eq. (4).
V. DETAILS OF DERIVATION FOR EQ. (23), KUBO CONTRIBUTION
The thermal current operator JˆQx (r) is:
JˆQx (r) =
(
Kˆϕˆ (r)
)†
vˆxϕˆ (r) + (vˆxϕˆ (r))
†
Kˆϕˆ (r)
2
−
~
8i
∑
γ
∇γ
(
(vˆxϕˆ (r))
† vˆγϕˆ (r)− (vˆγϕˆ (r))
† vˆxϕˆ (r)
)
, (S58)
where γ = x, y, z and we have set φ (r) = 0 and ψ (r) = 0. According to our definition, we have [2] κKuboxy ≡
L(22)xy
kBT
2
0
and:
L(22)xy =
1
V
ˆ ∞
0
dte−st
〈
JˆQy; JˆQx (t)
〉
0
, (S59)
=−
~
β0V
∑
nk,n′k′
fnk − fn′k′
i (ǫnk − ǫn′k′)
2 〈ψnk| JˆQy |ψn′k′〉 〈ψn′k′ | JˆQx |ψnk〉 , (S60)
6where ψnk is the Bloch wave function for band n and quasi-momentum k, fnk ≡ f(ǫnk) is the Fermi distribution
function, and ǫnk is the electron dispersion. According to our definition Eq. (S58) for JˆQx, we have:
〈ψn′k′ | JˆQx |ψnk〉 =
〈
Kˆψn′k′ |vˆxψnk〉 +
〈
vˆxψn′k′
∣∣∣Kˆψnk〉
2
−
~
8i
∑
γ
[〈∇γ vˆxψn′k′ |vˆγψnk〉 + 〈vˆxψn′k′ |∇γ vˆγψnk〉
(S61)
−〈∇γ vˆγψn′k′ |vˆxψnk〉 − 〈vˆγψn′k′ |∇γ vˆxψnk〉 ] . (S62)
Note: 〈
Kˆψn′k′ |vˆxψnk〉 = (ǫn′k − µ0) 〈un′k| vˆkx |unk〉 δkk′ , (S63)
with vˆkx = ∂Hˆk/∂ (~kx), and:
〈∇γ vˆxψn′k′ |vˆγψnk〉 + 〈vˆxψn′k′ |∇γ vˆγψnk〉 = −〈ψn′k′ | vˆx∇γ vˆγ |ψnk〉+ 〈ψn′k′ | vˆx∇γ vˆγ |ψnk〉 , (S64)
= 0 , (S65)
and similarly, 〈∇γ vˆγψn′k′ |vˆxψnk〉 + 〈vˆγψn′k′ |∇γ vˆxψnk〉 = 0, so we come to:
L(22)xy =−
~
β0V
∑
n6=n′k
(fnk − fn′k) (ǫnk + ǫn′k − 2µ0)
2
4i (ǫnk − ǫn′k)
2 〈unk| vˆky |un′k〉 〈ψn′k| vˆkx |ψnk〉 , (S66)
=−
~
2β0V
∑
n6=n′k
fnk (ǫnk + ǫn′k − 2µ0)
2
(ǫnk − ǫn′k)
2 Im [〈unk| vˆky |un′k〉 〈un′k| vˆkx |unk〉] . (S67)
Using the identity:
〈un′k| vˆkx |unk〉 =
1
~
(ǫnk − ǫn′k)
〈
un′k
∣∣∣∣∂unk∂kx
〉
, (S68)
we have:
L(22)xy =
1
2β0~V
∑
nk
Im
[〈
∂unk
∂kx
∣∣∣∣ (Hˆk + ǫnk − 2µ0)2
∣∣∣∣∂unk∂ky
〉]
fnk . (S69)
The formula can be rewritten as the alternative form. We introduce the new notations:
m2 (ǫ) ≡
1
~
Im
∑
nk
〈
∂unk
∂kx
∣∣∣∣ (Hˆk − ǫ)2
∣∣∣∣∂unk∂ky
〉
δ (ǫ− ǫnk) , (S70)
m1 (ǫ) ≡
1
~
Im
∑
nk
〈
∂unk
∂kx
∣∣∣∣ (Hˆk − ǫ)
∣∣∣∣∂unk∂ky
〉
δ (ǫ − ǫnk) , (S71)
Ωz (ǫ) ≡−
2
~
Im
∑
nk
〈
∂unk
∂kx
∣∣∣∣ ∂unk∂ky
〉
δ (ǫ− ǫnk) . (S72)
Therefore, we can express κKuboxy as:
κKuboxy =
1
2T0V
ˆ
dǫ
[
m2 (ǫ) + 4 (ǫ− µ0)m1 (ǫ)− 2 (ǫ− µ0)
2
Ωz (ǫ)
]
f (ǫ) . (S73)
It is easy to see κKuboxy is divergent in the low temperature limit.
VI. DETAILS OF DERIVATION FOR EQ. (24), ENERGY MAGNETIZATION
To calculate MQ,z, we use 2MQ − T0
∂MQ
∂T0
= β02i ∇q ×
〈
Kˆ
−q; JˆQ,q
〉
0
∣∣∣
q→0
. We can show:
M˜Q,z≡
β0
2i
∇q ×
〈
Kˆ
−q; JˆQ,q
〉
0
∣∣∣
z,q→0
= −β0
∂
i∂qy
〈
Kˆ
−q; JˆQx,q
〉
0
∣∣∣∣
q→0
. (S74)
7So we have:
M˜Q,z =
∂
i∂qy
∑
nk,n′k′
fnk − fn′k′
ǫnk − ǫn′k′
〈ψnk|
Kˆeiq·r + eiq·rKˆ
2
|ψn′k′〉 〈ψn′k′ | JˆQx,q |ψnk〉 . (S75)
We have a careful calculation of 〈ψn′k′ | JˆQx,q |ψnk〉,
〈ψn′k′ | JˆQx,q |ψnk〉 =
〈
Kˆψn′k′
∣∣∣ e−iq·r |vˆxψnk〉+ 〈vˆxψn′k′ | e−iq·r ∣∣∣Kˆψnk〉
2
(S76)
−
~
8i
∑
γ
[
〈∇γ vˆxψn′k′ | e
−iq·r |vˆγψnk〉+ 〈vˆxψn′k′ | e
−iq·r |∇γ vˆγψnk〉 (S77)
−〈∇γ vˆγψn′k′ | e
−iq·r |vˆxψnk〉 − 〈vˆγψn′k′ | e
−iq·r |∇γ vˆxψnk〉
]
. (S78)
In Eq. (S76), we can show: 〈
Kˆψn′k′
∣∣∣ e−iq·r |vˆxψnk〉 = 〈un′k′ | e−ik′·rKˆe−iq·rvˆxeik·r |unk〉 , (S79)
= 〈un′k−q| Kˆk−q vˆkx |unk〉 δk′,k−q . (S80)
In Eq. (S77), similarly:
〈∇γ vˆxψn′k′ | e
−iq·r |vˆγψnk〉 = −〈un′k′ | e
−ik′·rvˆx∇γe
−iq·rvˆγe
ik·r |unk〉 , (S81)
= −〈un′k−q| vˆk−qx (∇γ + ikγ − iqγ) vˆkγ |unk〉 δk′,k−q . (S82)
and:
〈vˆxψn′k′ | e
−iq·r |∇γ vˆγψnk〉 = 〈un′k−q| vˆk−qx (∇γ + ikγ) vˆkγ |unk〉 δk′,k−q , (S83)
〈∇γ vˆγψn′k′ | e
−iq·r |vˆxψnk〉 = −〈un′k−q| vˆk−qγ (∇γ + ikγ − iqγ) vˆkx |unk〉 δk′,k−q , (S84)
〈vˆγψn′k′ | e
−iq·r |∇γ vˆxψnk〉 = 〈un′k−q| vˆk−qγ (∇γ + ikγ) vˆkx |unk〉 δk′,k−q . (S85)
Therefore, 〈ψn′k′ | JˆQxe
−iq·r |ψnk〉 is,
〈ψn′k′ | JˆQxe
−iq·r |ψnk〉 = 〈un′k−q|
Kˆk−qvˆkx + vˆk−qxKˆk
2
−
∑
γ ~qγ (vˆk−qxvˆkγ − vˆk−qγ vˆkx)
8
|unk〉 δk′,k−q . (S86)
M˜Q,z can be simplified as,
M˜Q,z =
∂
i∂qy
∑
nk,n′
fnk − fn′k−q
ǫnk − ǫn′k−q
〈unk|
Kˆk + Kˆk−q
2
|un′k−q〉 〈un′k−q|
Kˆk−qvˆkx + vˆk−qxKˆk
2
(S87)
−
∑
γ ~qγ (vˆk−qxvˆkγ − vˆk−qγ vˆkx)
8
|unk〉 . (S88)
First, we calculate M˜ interQ,z for n 6= n
′. When q → 0, we have:
M˜ interQ,z = −
1
4
∑
n6=n′k
(ǫnk + ǫn′k − 2µ0)
2
Im
[〈
unk
∣∣∣∣∂un′k∂ky
〉
〈un′k| vˆkx |unk〉
]
fnk − fn′k
ǫnk − ǫn′k
. (S89)
Using the identity Eq. (S68), we finally come to:
M˜ interQ,z = −
1
2~
∑
nk
Im
[〈
∂unk
∂kx
∣∣∣∣ (Hˆk + ǫnk − 2µ0)2
∣∣∣∣∂unk∂ky
〉]
fnk . (S90)
Next, we calculate M˜ intraQ,z for n = n
′. When q → 0, we have:
8M˜ intraQ,z = −
1
4
∑
nk
4 (ǫnk − µ0)
2
Im
[〈
unk
∣∣∣∣∂unk∂ky
〉
〈unk| vˆkx |unk〉
]
f ′nk (S91)
−
1
4
∑
nk
2 (ǫnk − µ0) Im
[〈
∂unk
∂ky
∣∣∣∣ Kˆkvˆkx + vˆkxKˆk |unk〉
]
f ′nk (S92)
−
~
4
∑
nk
(ǫnk − µ0) Im [〈unk| vˆky vˆkx |unk〉] f
′
nk . (S93)
Using the identity Eq. (S68) and after some simple algebra, we obtain:
M˜ intraQ,z = −
1
4~
∑
nk
Im
[〈
∂unk
∂kx
∣∣∣∣ (ǫnk − Hˆk)2 − 4 (ǫnk − µ0)(ǫnk − Hˆk)
∣∣∣∣∂unk∂ky
〉]
(ǫnk − µ0) f
′
nk . (S94)
Therefore, we have:
M˜Q,z =−
1
2~
∑
nk
Im
[〈
∂unk
∂kx
∣∣∣∣ (Hˆk + ǫnk − 2µ0)2
∣∣∣∣∂unk∂ky
〉]
fnk (S95)
−
1
4~
∑
nk
Im
[〈
∂unk
∂kx
∣∣∣∣ (ǫnk − Hˆk)2 − 4 (ǫnk − µ0)(ǫnk − Hˆk)
∣∣∣∣∂unk∂ky
〉]
(ǫnk − µ0) f
′
nk . (S96)
We use 2MQ,z − T0(∂MQ,z/∂T0) = M˜Q,z to obtain MQ,z. Using the notations of Eqs. (S70)–(S72), we obtain:
MQ,z =−
1
2
ˆ
dǫ
[
1
2
m2 (ǫ) f (ǫ) + 2 (ǫ− µ0)m1 (ǫ) f (ǫ)− 2Ωz (ǫ)
ˆ ǫ−µ0
0
dxxf (x)
]
. (S97)
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